A cylindrical hollow cathode discharge is modelled by the solution of the Boltzmann equation and by particle-fluid (hybrid) simulation. While the latter technique provides a self-consistent solution for the problem, the Boltzmann method provides detailed information about the electron kinetics in the discharge over the whole energy range. The results obtained from the two methods are consistent with each other and show a fair agreement with previous experimental data thereby validating the modelling methods used.
Introduction
Hollow cathode (HC) discharges can be formed by confining the negative glow inside a cathode cavity, which may be of many different forms. Processes contributing to the development of the so-called hollow cathode effect [1] [2] [3] , most importantly the oscillating motion of the fast electrons between cathode faces opposing each other, result in increased ionisation and excitation rates in the plasma. Due to their intensive light emission HC discharges became attractive as radiation sources in a variety of applications, such as gas lasers [4] [5] [6] , spectral lamps [7] , as well as micro-hollow cathode high-intensity light sources [8, 9] .
In the analysis of the discharge properties the accurate description of the motion of the fast electrons inside the cathode cavity is of primary importance: most of the properties of HC discharges can be understood only when fast electrons are treated at the level of kinetic theory. Thus, most of recent modelling studies of HC discharges have been based on particle (Monte Carlo) simulations in which the oscillating electrons are easily taken into account [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . As an exception, an analytic model of a plane-parallel HC discharge is to be mentioned [20] , where the nonlocal electron kinetics and electron oscillations were also considered. Thanks to the advance of the solution methods of the Boltzmann equation (BEQ), in the last few years it became possible to analyse the electron kinetics in hollow cathodes using a multi-term approach [21] . Subsequently, a cylindrical HC discharge in a e-mail: sigeneger@inp-greifswald.de helium was also investigated in a self-consistent manner using the BEQ approach [22] .
In this paper we present a modelling study of a DC helium discharge formed inside a cylindrical HC, see Figure 1. The discharge is described by (i) a two-dimensional hybrid model, which combines the fluid description of positive ions and slow electrons with the Monte Carlo simulation of fast electrons, (called below Monte Carlo -fluid hybrid, MCF, approach) and by (ii) a one-dimensional multiterm solution of the electron Boltzmann equation (called below BEQ approach). In the latter method the one-dimensional radial description becomes possible in the axial centre because of the axisymmetric setup of the discharge. While these modelling techniques have previously been applied for various discharge arrangements and studies of different phenomena, the modelling results obtained from the two different techniques have rarely been compared to each other. Such comparison is, on the other hand, very important, in order to validate the modelling approaches.
Earlier experimental investigations [23] of a discharge configuration similar to the one considered here yielded current-voltage characteristics of the discharge as well as spatially resolved electron density, electron mean energy and potential values determined from measurements with spatially movable Langmuir probes. The cathode tube used in the experiment was made of nickel and rings situated near the ends of the cathode cylinder served as anodes. The Langmuir probes used in the measurements had 100 µm diameter and 3 mm length. Part of the experimental data from [23] are used here as input parameters of the [23] anode rings were used.) The BEQ method is solved for the midplane, shaded grey. The length of the hollow cathode (HC) is L = 6 cm, while its radius is R = 1.5 cm. models, while others serve as basis for the validation of the modelling results.
Section 2 of the paper presents the two solution methods for the description of the discharge. The results of the calculations obtained from both approaches are presented and compared to each other in Section 3. Section 4 summarises the work.
Modelling approaches
The simplest self-consistent models of noble gas glow discharges are based on a two-component fluid description of the plasma (positive ions and electrons). In these models the self-consistency is achieved by solving the Poisson equation together with the continuity and momentum transfer equations for fluid species (the latter equations being written in the drift-diffusion approximation). The source of ionisation is calculated using Townsend's first ionisation coefficient that depends on the local electric field to gas number density ratio, E/N . This approximation is, in fact, the basic limitation of fluid models, as near the cathode of the discharge the electron energy distribution function is not in equilibrium with the local E/N .
In "particle-fluid" hybrid (MCF) models the continuum description of electrons and ions is complemented with the kinetic Monte Carlo simulation of fast electrons, to account for their non-equilibrium transport. The source functions of the fluid species are calculated in the Monte Carlo routine for fast electrons, which are traced in a potential distribution obtained from the fluid model [24] [25] [26] [27] .
An alternative way of description of electron kinetics is represented by the solution of the kinetic equation of the electrons by expansion methods. This method avoids the separation into slow and fast electrons and allows one to determine collision rates and transport coefficients. These quantities can be used if the kinetic treatment of the electrons is coupled with the solution of consistent fluid equations to determine the spatial shape of the electric field [21, 22] .
Both methods have their advantages and disadvantages: the MCF hybrid method uses a simplified fluid description of the slow electrons, taking the bulk electron temperature as an input parameter. The BEQ approach yields the correct transport data for the electron gas as a whole. The MCF can easily be applied to 2D or even 3D problems, however these codes are very time-consuming. The extension of the BEQ code to two [28, 29] or three dimensions is a difficult task, nevertheless, powerful schemes have been developed for one-dimensional problems. The MCF can routinely handle conditions where a reversal of the electric field [30] shows up, while presently this causes difficulties in the BEQ solutions.
Hybrid model
The principal variables of the (electron-ion) fluid model are the slow electron and positive ion densities, n se and n i , and the electric potential V . These variables can be calculated self-consistently from the continuity equations, momentum transfer equations (which are usually written in the drift-diffusion approximation), and the Poisson equation:
where Φ se and Φ i are the fluxes, v se and v i are the mean velocities, S se and S i are the source functions, µ se and µ i are the mobilities, D se and D i are the diffusion coefficients of slow electrons and ions, respectively, e 0 is the elementary charge, and 0 is the permittivity of free space. The mobility of positive ions, µ i , is taken as a function of the reduced electric field E/N and their diffusion coefficient D i is set to result D i /µ i = kT g /e 0 (where T g is the gas temperature). For the mobility µ se we take the value 0.82 × 10 6 cm 2 /(Vs), which has been determined from a preceding BEQ calculation. The diffusion coefficient D se is set according to kT e = e 0 D se /µ se = (2/3)u m where the mean electron energy u m = 1.9 eV has been determined in the experiment for the negative glow region [23] .
The set of equations (1-5) is completed by a number of boundary conditions: we assume zero density of charged particles and prescribed values of electric potential at the electrodes. The electron and the ion current densities at the cathode are related to each other through the apparent electron yield:
The apparent yield is used here as an adjustable parameter; in the iterative solution of the MC and fluid parts of the hybrid model γ is adjusted in a way that the calculated discharge current matches the experimentally obtained one, at the given value of the discharge voltage (see e.g. [31, 32] ). The electron impact source term of ionisation S i and the source term of slow electrons S se are calculated at the kinetic level (which is valid for arbitrary values of the field gradient), from Monte Carlo simulation of the fast electrons (e.g. [25] ). The slow electrons, which are no longer able to excite or ionise the gas, are described together with the positive ions in a two-component fluid model. The Monte Carlo module makes use of the electric field distribution obtained in the fluid module and provides the source functions of positive ions and slow electrons to be used in the continuity equations of the fluid module. In the fluid model we simulate only half of the discharge (0 ≤ z ≤ 3 cm) due to the symmetry, using a grid with 30 points along the axial direction and 45 points in the radial direction.
Boltzmann equation approach
The second approach is based on the solution of the spacedependent electron Boltzmann equation
to determine the velocity distribution F (v, x) of the electrons having mass m. The kinetic equation (7) includes the action of the electric field E and the collision integrals C el , C ex k and C io for elastic, exciting and ionising collisions of the electrons, which include the corresponding momentum transfer and inelastic collision cross sections
and Q io , respectively. Because of the symmetrical setup a one-dimensional treatment in the axial centre (z = 3 cm) becomes possible taking into account the radial electric field E(x) = E(r)e r . The axial flux of the electrons to the anodes is approximately taken into account within this approach by the loss term −ν z F with the loss frequency ν z .
For an appropriate treatment of the larger anisotropy of the velocity distribution function a solution method for the Boltzmann equation has been used, which is based on a tensorial version of the general spherical harmonic expansion
of the electron velocity distribution F (v, x) with respect to the velocity directions v/v. Expansion (8) represents a sum of n-fold scalar products of the expansion coefficients f n (v, x) and the quantities T n (v/v) which are both fully symmetric and irreducible tensors of rank n. This solution method has already been described in detail in [21] . Therefore only its main aspects will be outlined in the following. The hierarchy of component equations which results from (8) has been specified to cylindrical geometry with rotational symmetry and axial uniformity which is expressed by the reduced dependency f n (v, x) = f n (v, r) of the velocity distribution tensors on the position vector x. By analysing the resultant component equations a subset of equations could be separated which determines the relevant distribution parts needed to analyse the radial behaviour of important electron properties in the hollow cathode.
The resultant system of partial differential equations is solved as an initial boundary value problem taking into account appropriate boundary conditions as detailed in [21] . In particular, the Gaussian-like profilef 1 
has been used as boundary value at the cathode surface for the anisotropic distribution component. The normalisation factor c is determined from the electron particle flux density at the cathode.
After having solved the Boltzmann equation (7), the macroscopic quantities of the electrons as e.g. their density n e (r), mean energy u m (r) and rate coefficients z in k (r) and z io (r) of conservative inelastic and ionising collisions are determined according to the representations
. (12) Furthermore, the radial particle flux density j e (r) of the electrons, their diffusion coefficient D e (r) and mobility µ e (r) are given by the expressions
µ e (r) = − e 0 3 2 m
dU, (15) which include the total cross section
with contributions of elastic and inelastic collisions and the axial loss. The quantities (9-15) depend either on the isotropic part f 0 of the electron velocity distribution function or on the first contribution f 1 to the anisotropic part of this distribution function.
Results and discussion
The present BEQ calculation uses the radial profile of the electric field as input data from the MCF model. The axial flux of electrons is taken into account in the BEQ by a lifetime term, which is deduced from hybrid modelling results. The loss frequency was used in [22] as a fitting parameter to match the calculated density in the centre of the discharge with the experimental value. Making use of the results of the MCF calculation, such a fitting is not necessary here. The MCF hybrid calculation uses the experimentally determined values of the discharge voltage and current, and the value of the bulk electron temperature T e derived from the experimental mean electron energy. The results obtained from these input data serve as input for the BEQ solution in the symmetry plane of the discharge. The bulk electron temperature derived from the BEQ calculation agrees with the experimental value, which supports the consistency of the modelling schemes.
All results presented here refer to a gas pressure p of 1 Torr, a gas temperature T g of 273 K and a discharge voltage V 0 of 143 V. The current found in the experiment for these conditions, I = 2 mA, was reproduced in the hybrid (MCF) model by using the apparent secondary yield γ as an adjustable parameter. The iterative solution of the model resulted in γ = 0.41. This value is realistic, as in addition to that of He + ions, a significant contribution to electron emission from the cathode is expected due to VUV photons and metastable atoms. Figure 2a shows a contour plot of the potential distribution in the discharge and Figures 2b and 2c display the electric field distribution along the axis of the discharge, and in the cross section of the discharge at the midplane located at z = 3 cm, respectively. The formation of the cathode sheath is clearly seen in Figures 2a and 2c . This region is characterised by a strong electric field which almost linearly decreases from the cathode towards the neg- ative glow. The length of the cathode sheath is ≈0.7 cm, while the inner, negative glow part of the discharge has a diameter of about 1.6 cm. Inside the negative glow we do not find a plasma potential higher than the anode potential, as is usually the case in plane-parallel short glow discharges [30, [32] [33] [34] . We find however, three reversals of the direction of the electric field along the axial direction between the anode electrodes, as shown in Figure 2b . The radial distribution of the electric potential is compared with the experimental data in Figure 2c . Measured data are only available in the negative glow region, here we find excellent agreement.
The radial and axial components of the total (fast + slow) electron flux density, as obtained from the MCF calculation, are shown in Figures 3 and 4 , respectively. As it can be seen in Figure 3 there exists a significant inward flux of the electrons except in the regions near the ends of the cathode cylinder where the anode plates are situated. Here the hybrid model predicts an outward flux in the inner radial part of the discharge. The axial flux of electrons steadily grows towards the anodes, and reaches a maximum at 0.6 cm in front of the centre of the anode (cf . Fig. 4 ). The divergence of the axial flux is used to determine the loss frequency ν z which is required in the BEQ approach to include the loss of electrons from the midplane at z 0 = 3 cm towards the anodes. The steadystate continuity equation which is consistent with the onedimensional BEQ approach reads
where S i is the ionisation source term. Taking into account the stationary two-dimensional electron continuity equation ∇ · Φ e = S i , the loss frequency ν z can be obtained from the relation
using the density n e ≈ n se and the total electron flux Φ e from the MCF results in the steady state. Figure 5 shows the result for ν
MCF z
obtained from the MCF approach in the negative glow region using relation (17) . In the cathode sheath region the frequency results for ν MCF z become noisy because of the very low and nearly space-independent values of the axial flux and electron density. As shown in Figure 4 the axial flux of the electrons is mainly concentrated in the negative glow. Therefore the results for ν MCF z have been omitted in the cathode sheath region and the loss frequency has been approximated in the BEQ approach by the constant value ν BEQ z = 2.8 × 10 5 s −1 . The corresponding results for the electron density and mean energy are shown in Figure 6 . As to be seen rather good agreement between the results of the MCF and BEQ approaches is reached. Both calculations predict approximately twice higher electron density, compared to the experimentally measured values. This difference may be caused by the underestimation of n e in the probe measurements, resulting from the finite diameter of the probe support construction (≈1 mm). In addition, Figure 6 shows the density of He which are the dominant species in the cathode region. The mean electron energy obtained by the BEQ approach is in good agreement with the measured result reproducing even an intermediate maximum in the transition from the cathode-fall region to the negative glow.
The large increase of the mean energy in the cathodefall region corresponds to the spatial evolution of the isotropic component of the electron velocity distribution function, which is shown in Figure 7 . The acceleration of the electrons in the large field of the cathode-fall region shifts the group of primary electrons to large energies. Secondary electron groups arise due to the repeated action of inelastic collisions and get accelerated too. Three such groups can be observed in Figure 7 . Further secondary electrons merge into a population of slow electrons which increases towards the centre. This increase is caused by the ionisation and the energy loss in collisions which also deplete the distribution tail in the negative glow. The increasing population of slow electrons explains the strong decrease of the mean energy between r ≈ 1.2 and 1 cm. Its intermediate maximum at about 0.95 cm is caused by the final acceleration of the fast electrons before reaching the negative glow. The terms of the particle balance equation in the midplane are shown in Figure 8 . A clear separation between the cathode-fall region with the pronounced maximum of the source term S i at about r = 0.9 cm and the negative glow around the centre can be observed. The radial profile of the source term is correlated with the spatial evolution of the isotropic distribution as discussed above. As shown in Figure 8 , good agreement between both approaches with respect to the source term S i , especially in the cathode-fall region, has been obtained. In this region, the source term dominates and is compensated by the radial component of the divergence of the flux (1/r)(d/dr)(r φ er ), i.e., the electron production is correlated to the increased flux towards the centre. With the transition to the negative glow the source term decreases and both components of the divergence of the flux become dominant in the particle balance, i.e., the decreasing radial flux is mainly compensated by the increasing axial flux while approaching the centre. Figure 9 displays the radial profiles of the electron and ion radial particle fluxes. In addition to the total electron flux also the contributions of slow and fast electrons are shown in the figure. While this separation is intrinsic in the MCF approach, a corresponding separation has been artificially performed in the BEQ approach by splitting the integral (13) according to
at the kinetic energy U s (r). This threshold energy was determined by the relation U s (r) = U io + e 0 (V (r) − V 0 ), i.e., electrons which are able to reach the ionisation energy U io somewhere in the discharge were counted to the fast electrons.
The contribution of fast electrons to the flux is dominant in the cathode-fall region where the flux increases towards the centre according to the ionisation in the cathode region. Then the flux of fast electrons steadily decreases towards the centre. This behaviour corresponds to the depletion of the tail of the anisotropic distribution component f 1 , which is similar to that shown in Figure 7 . Good agreement between the results of the two methods for the contribution of fast electrons to the radial flux has been obtained.
In the negative glow, the slow electrons dominate and consequently their flux too. Here, the deviations between the results of both methods become more noticeable which may be caused by the differences in the transport coefficients. Furthermore, a detailed analysis of the field-driven and diffusion contributions to the radial flux reveals a strong compensation of both the contributions. Especially in the negative glow, the resultant flux of electrons (all or slow) is the difference between the inward field-driven flux and the outward diffusion flux having nearly the same magnitude. This compensation explains the pronounced sensitivity of the total flux on the transport coefficients. Figure 10a shows the radial profile of the mobility and diffusion coefficient of the electrons which have been determined according to equations (14) and (15) by the BEQ approach. The changes of the mobility with the radius amount to about 50%. A large maximum of the diffusion coefficient is found in the cathode sheath where the diffusion coefficient reaches about 25 times its value in the negative glow. The resultant radial profile of the characteristic energy e 0 D e /µ e is presented in Figure 10b . Its value around the centre corresponds to the constant value 1.27 eV which is used for solving the fluid equations in the MCF approach. However, a large increase of the characteristic energy in the cathode-fall region can be observed.
Conclusion
The helium plasma in a cylindrical, axially symmetric hollow cathode discharge has been analysed by means of two different methods. A two-dimensional description has been performed by a self-consistent hybrid approach, which combines a Monte-Carlo simulation of fast electrons with a fluid model. Furthermore, the radial profiles of electron kinetic quantities have been determined by solving the radially dependent electron Boltzmann equation in the midplane of the discharge. The axial flow of the electrons towards the anodes is described in this approach by a loss term with a space-independent loss frequency.
Reasonable agreement of the density, the source term and the radial particle flux of the electrons obtained by the Boltzmann equation method with related results of the Monte-Carlo-fluid approach has been obtained, indicating the consistency of the two approaches. The radial profiles of the electron transport coefficients, which have been determined by means of the Boltzmann equation approach, show pronounced changes especially in the cathode sheath region.
The investigations allow an estimation of the advantages and disadvantages of the two methods. The MonteCarlo-fluid approach yields a two-dimensional picture of the structural change of the discharge from the charge carrier production in the cathode sheath region to the negative glow the inner region where the radial transport towards the centre and the axial transport towards the anodes dominate. The Boltzmann equation approach gives detailed insight in the kinetics of the electrons in one dimension without a separation in different electron groups. The electron velocity distribution function can easily be obtained in a large range of orders of magnitudes. However, two-dimensional kinetic approaches are difficult to implement.
